Let (M, g) be an open, oriented and incomplete riemannian manifold of dimension m. Under some general conditions we show that it is possible to build a Hilbert complex (
Introduction
Poincaré duality is one of the best known and most important property of the de Rham cohomology on a closed and oriented differential manifold M . Putting a riemannian metric g on M and using the results coming from Hodge theory, Poincaré duality says that there exists an isomorphism between H de Rham cohomology groups respectively when m is even or odd. As is it well known this is not longer true when M is not compact. When (M, g ) is an open and oriented riemannian manifold two natural and important variations of the de Rham cohomology are provided by the L 2 −de Rham cohomology and by the reduced L 2 −de Rham cohomology. In the non compact setting they are an important argument and indeed they have been the subject of many researches during the last decades. In this case, as it is well known, the completeness of (M, g) plays a fundamental role. When (M, g) is complete, the Laplacian ∆ i , with domain given by the smooth and compactly supported forms Ω i c (M ), is an essentially self-adjoint operator on L 2 Ω i (M, g). In particular it follows that Poincaré duality holds for the reduced L 2 −cohomology of (M, g). Therefore, when the L 2 −cohomology is finite dimensional, it coincides with the reduced L 2 −cohomology and so it satisfies Poincaré duality. All this properties in general do not hold when (M, g) is incomplete. Generally in this case the differential d i acting on smooth i−forms with compact support admits several different closed extensions when we look at it as an unbounded operator between L 2 Ω i (M, g) and L 2 Ω i+1 (M, g). Therefore, depending on the closed extensions fixed, we will get different kinds of L 2 −cohomology groups and L 2 −reduced cohomology groups for which, in general, Poincaré duality does not hold. Anyway incomplete riemannian manifolds appears naturally in the context of riemannian geometry and in that of global analysis, in particular when we deal with space with "singularities" such as stratified pseudomanifolds or algebraic subvariety. Therefore it is an interesting question looking for some general construction for the L 2 −cohomology of (M, g), when g is incomplete, such that Poincaré duality holds. In the literature other papers have dealt with this question: for example we mention [1] , [3] and [5] . This paper is organized in the following way: the beginning of first section contains some back ground material about Hilbert complexes while its final part contains some news results about Poincaré duality for abstract Hilbert complexes. The second section is dived in three parts. In the first one, after recalled the notion of L 2 -de Rham cohomology, we prove, using the results about abstract Poincaré duality proved in the previous section, two of the main results of the paper. We can summarize them in the following way: In particular (L 2 Ω i (M, g), d M,i ) is a Hilbert complex with Poincaré duality.
The second part of the second section is devoted to the study of some necessary and/or sufficient conditions in order to get (L 2 Ω i (M, g), d M,i ) a Fredholm complex. In particular we will show that this property is strictly connected to the behavior of the Gauss-Bonnet operator
More precisely we will show that: 
The rest of the second part contains some corollaries and some applications of this result. In particular, in the third part of the second section, we define, using the complex (
) and then we show that they are the index of some suitable Fredholm operators. More precisely:
) be an open, oriented and incomplete riemannian manifold such that
ev and ((d + δ) ev ) max are Fredholm operators on their respective domains endowed with the graph norm and we have:
If m = 4l then we have also
where
are suitable extension respectively of the Gauss-Bonnet operator and of the signature operator that we will define in the same subsection of Theorem 3.
In the third part of the paper we will provide some examples of incomplete riemannian manifolds (M, g) for which the complex (
) is a Fredholm complex. Therefore all the results proved in the paper apply to those examples. Finally we conclude mentioning that in a subsequent paper we plan to come back again on this subject investigating some topological properties of the vector spaces H i 2,M (M, g) with particular attention to the cases when they are finite dimensional.
• for each i there exist an isometry φ i :
H n−i−1 → H n−i and C i = 0 is a constant which depends only on i.
Furthermore we call the maps φ i duality maps.
We have the following propositions: 
The complexes (H
have isomorphic cohomology groups and isomorphic reduced cohomology groups. In the same way the complexes (H i , L i ) and (H i , D * i ) have isomorphic cohomology groups and isomorphic reduced cohomology groups.
The following isomorphism hold:
Proof. See [3] Prop. 5
Now we recall the following definition:
.., V n be a finite sequence of vector spaces. We will say that it is a finite sequence of vector spaces with Poincaré duality if for each i:
that is V i and V n−i are isomorphic vector spaces.
Finally we are in position to state the main results of the section:
be a pair of complementary Hilbert complexes. Then:
is a finite sequence of vector spaces with Poincaré duality.
Proof. Consider, for each j = 0, ..., n the following complex:
The dual Hilbert complex is clearly:
Therefore, by (9), we know that
By Prop. 5 we know that φ n−j induces an isomorphism between Ker(L j ) and Ker(D * n−j−1 ) and between Ker(L n−j ) and Ker(D * j−1 ). Therefore it induces an isomorphism between Ker(L j ) ∩ Ker(D * j−1 ) and Ker(D * n−j−1 ) ∩ Ker(L n−j ) and so by (15) we get the conclusion.
.., n, be a pair of Hilbert complexes. Suppose that for each j im(D j ) is closed in H j+1 . Then there exists a third Hilbert complex (H j , P j ) such that Proof. To prove the first part of the proposition we have to exhibit a Hilbert complex which satisfies the assertions of the statement. To do this consider the following Hilbert space
which is by definition the domain of L j endowed with the graph scalar product, that is for each pair of elements u, v ∈ D(L j ) we have
During the rest of the proof we will work with this Hilbert space and therefore all the direct sum that will appear and all the assertions of topological type are referred to this Hilbert space
} and it is immediate to check that these subspaces are both
By the assumption that the range of D j is closed it follows that also the range of D * j is closed. So, analogously to the previous case, A j = {α ∈ D(D j ) ∩ im(D * j )} and obviously these subspaces are both closed in (D(D j ), <> G ). Obviously if Ker(D j ) = Ker(L j ) then the Hilbert complex (H j , D j ) satisfies the first part of the proposition . So we can suppose that Ker(D j ) is properly contained in Ker(L j ). Let π 1 be the orthogonal projection of A j onto Ker(L j ) and analogously let π 2 be the orthogonal projection of A j onto V j . We have the following properties:
The first property follows from the fact that Ker(π 2 ) = A j ∩ Ker(L j ). But L j is an extension of D j ; therefore if an element α lies in A j ∩ Ker(L j ) then it lies also in Ker(D j ) and so α = 0. For the second property consider a sequence
This implies that lim
and therefore the limit exists. So by the assumptions about the range of D j it follows that there exists an element η ∈ A j such that
. This implies that L j (π 2 (η) − γ) = 0 and therefore π 2 (η) = γ because π 2 (η), γ ∈ V j and L i is injective on V j . In this way we showed that im(π 2 ) is closed. Now define N j as the range of π 2 . Finally define W j as the vector space generated by the sum of Ker(L j ) and N j . By the fact that Ker(L j ) and N j are orthogonal to each other we have
By the fact that W j is closed in D(L j ) and that π 1 (A j ), π 2 (A j ) ⊂ W j it follows that P j is a closed extension of D j which is in turn extended by L j . Moreover, by the construction, it is clear that Ker(P j ) = Ker(L j ). Finally, again by the definition of P j and its domain, it is follows that im(P j ) = L j (π 2 (A j )) = im(D j ). Therefore we got that im(P j ) is closed and that
This complete the proof of the first two statements. 
is a i−form with compact support. Using the riemannian metric g and the associated volume form dvol g we can construct for each i the Hilbert space L 2 Ω i (M, g). To turn the previous complex into a Hilbert complex we must specify a closed extension of d. With the two following propositions we will recall the two canonical closed extensions of d 
Definition 5. The minimal extension d min,i ; this is given by the graph closure of
max/min, * ) are both Hilbert complexes and their cohomology groups are denoted by H * 2,max/min (M, g). Another straightforward but important fact is that the Hilbert complex adjoint of (
Using proposition 1 we obtain two weak Kodaira decompositions:
with summands mutually orthogonal in each case. The first summand in the right, called the absolute or relative Hodge cohomology, respectively, is defined as the orthogonal complement of the other two summands. Since (ran(d max,i−1 )) ⊥ = Ker(δ min,i−1 ) and (ran(d min,i−1 )) ⊥ = Ker(δ max,i−1 ), we see that
Now consider the following operators:
These are selfadjoint and satisfy:
and
and it is called the i − th maximal Hodge cohomology group. Now we are in position to state the following results:
) be an open, oriented and incomplete riemannian manifold of dimension m. Then the complexes
are a pair of complementary Hilbert complexes. Moreover
Proof. See [3] Theorem 11 for the first part of the theorem. The second part follows from Theorem 4. 
) and
) is a Hilbert complex with Poincaré duality.
Proof. The proof is an application of Theorem 5 combined with the above proposition.
We conclude the section with the following Hodge theorem for the L 2 −cohomology groups H 
) with closed range such that
with domain given by
. So, as recalled in the first section, it follows that (28) is a selfadjoint operator. Moreover, by Theorem 6 we know that d M,i has closed range for each i. This implies that also d * M,i has closed range for each i. This means that for the Hilbert
cohomology and the reduced L 2 −cohomology are exactly the same and so we can apply (9) to get the first conclusion. Moreover, by the assumptions, it follows that ran(
The reason of the previous equality is the following: clearly we have always
Applying repeatedly the decomposition recalled in Prop. 1 and keeping in mind that d M,i and d * M,i have closed range in all degree, we get that
Clearly, by the construction of η 1 and η 2 , it follows that
) and in this way we can conclude that ∆ M,i is an operator with closed range. This completes the proof.
According to (6) 
In this subsection we explore some necessary and sufficient conditions in order to get
First of all we recall some definitions. Consider again the complex (Ω * c (M ), d * ). We will call a closed extension of (Ω *
) is a densely defined, closed operator which extends 
max, * ). We will label with 
Then the natural map induced between cohomology groups is injective for all
Proof. The first property follows immediately by the fact that
For the second property, by Prop. 4, we have
is the orthogonal complement of ran(d M,i−1 ) = ran(d min,i−1 ) and the orthogonal complement of this last space is Ker(δ max,i−1 ). Therefore we got that
) and this complete the proof. Corollary 1. Let (M, g) be as in the above proposition. Consider the following properties:
Then the above conditions are all necessary conditions in order to have
From now on the goal of this subsection is to produce some sufficient ore equivalent conditions in order to get H 
). We have the following proposition which is of independent interest because it provides a description of the null space of (d + δ) max ) in term of weakly closed and weakly coclosed L 2 −forms.
) be an open, oriented and incomplete riemannian manifold. Then we have:
Proof. We start proving the inclusion ⊃.
and this means that ω ∈ Ker((d + δ) max ). Now we prove the opposite inclusion. First of all consider the following operator:
Let us call this operator with ∆ N . It is clearly a self-adjoint extension of ∆ :
). Also in this case it is easy to show that ∆ N,i is a self-adjoint extension of
with domain given by ⊕ m i=0 D(∆ N,i ) we have that they are both self-adjoint extension of ∆ :
we can conclude that η i ∈ Ker(∆ N,i ) for all i = 0, ..., m. So we proved that η i ∈ Ker(∆ N ) and this implies that
and this means that, for all i = 0, ..., m, η i ∈ Ker(d max,i ) ∩ Ker(δ max,i−1 ). By the fact that it is immediate to check that
we can conclude that η ∈ Ker(d max ) ∩ Ker(δ max ) and this complete the proof.
Using Prop. 30 we are now in position to prove the main result of the section. In particular, involving the operator (d + δ) max , we will exhibit some conditions which are equivalent to say that the complex (
From the theorem it will be clear that the behavior of the complex (
is strictly connected to that of the operator
) be an open, oriented and incomplete riemannian manifold which satisfies the assumptions of Theorem 6. Then the following properties are equivalent:
has only a finite number of closed extensions and they are all Fredholm. Moreover, for all i = 0, ..., m, we have that
is a finite dimensional vector space whose dimension equals the number of closed exten-
) is a Fredholm operator on its domain endowed with the graph norm. 
Proof. The equivalence between 3) and 4) is proved in [13] 
with domain given by 
is Fredholm operator on its domain endowed with the graph norm as recalled in Prop. 7. This means that L 2 Ω * (M, g)/(ran(d max + δ min )) is finite dimensional. But clearly we have a natural and surjective map
In this way we can conclude that also
). In this way we got that ((d + δ) max ) is a Fredholm operator on its domain endowed with the graph norm and this proves that 1) implies 3). This complete the proof. 
is a Fredholm operator and therefore, according to Prop. 7, (L 2 Ω i (M, g), d M,i ) is a Fredholm complex. Finally applying Theorem 8 we get the conclusion. 
is a Fredholm operator on its domain endowed with the graph norm. Therefore
admits only a finite number of closed extensions and they are all Fredholm operators on their respective domains endowed with the graph norm.
Proof. It follows immediately applying the second statement of Theorem 8.
Before to state the next corollary we recall that two riemannian metrics g and h over the same manifold M are said quasi isometric if there exists a positive real number c such that 
is a Fredholm operator on its domain endowed with the graph norm if and only if
it is a Fredholm operator on its domain endowed with the graph norm.
Proof. If g and h are quasi isometric then 
) is a Fredholm complex. Then the following two properties are equivalent:
) is compact for every i = 0, ..., m.
The inclusion
Moreover they implies that the inclusion
is compact. 
Proof. Clearly 2) implies 1) . Assume now 1). Let
). In this way we can finally conclude that {η k } converges in L 2 Ω i (M, g). Now consider the following operator:
where the domain is described in (7) . Clearly the inclusions
are continuous with the respective graph norms. Moreover it is clear that
By 2) we know that the last inclusion is compact and so we can conclude that the inclusion
is compact. Furthermore we know that (d + δ) min is a Fredholm operator and that W , the orthogonal complement of
with respect the graph product, is finite dimensional. So we can use the same argument we used to prove 2) implies 1) in order to prove that the inclusion
) is compact. This completes the proof. Proof. In order to prove the statement, as it is showed for example in [11] Cor. 4.2.3, it is enough to prove that the inclusion
By Theorem 8 and Corollary 5 we know that if we consider D(D) endowed with its graph norm then the inclusion
, where each domain is endowed with its graph norm, is continuous. The reason is given by the fact that if η ∈ D(D * D) then:
and from this previous inequality we get:
Therefore if we consider D(D * D) endowed with its graph norm then we can conclude that the inclusion
Finally we conclude this section with the following proposition:
) be an open and oriented manifold. The the following properties are equivalent:
is a Fredholm complex then we have the following list of equivalent properties:
) for all i = 0, ..., m.
H
Proof. We start proving the equivalence of the first pair of statements. Clearly 1) implies 2). Assume now that 2) holds. Then we know that also im(d min,i ) = im(d max,i ) for all i = 0, ..., m. Therefore we get Ker(δ min,i ) = Ker(δ max,i ) and finally, using the Hodge star operator we get
. This means that η −ω ∈ Ker(d max,i ) and therefore there exist ψ ∈ Ker(d min,i ) such that η − ω = ψ. Summarizing we got η = ω + ψ ∈ D(d min,i ) and this concludes the proof of the first part. Now we prove the second part of the proposition. First of all we observe that using the Hodge star operator, it follows easily that (
is Fredholm. Now from the first part we know that the first two assertions are equivalent and they imply the remaining statements. Assume now that 3) holds. Then applying the Hodge star operator we know that also Ker(δ min,i ) = Ker(δ max,i ) and therefore
max/min,i ) a Fredholm complexes, it follows that im(d max/min,i ) is closed. So we can apply the first part of the proposition to get the conclusion. Now assume that 4) holds. Then
Combining with 4) we get
and therefore using the weak Kodaira decompositions (22) and (27) we have:
In this way we get: im(d min,i−1 ) = im(d max,i−1 ) for each i. So we are in position to apply the first part of the proposition and therefore we proved that 4) ⇒ 1). In the same way, with the obvious modifications, we can prove that 5) ⇒ 1). The Proposition is thus proved.
L
2 −Euler characteristic and L 2 −signature
The aim of this subsection is to give some geometric applications using the results previously proved. In particular we will show that when (
is a Fredholm complex then we can define a L 2 −Euler characteristic and a L 2 −signature for (M, g). Moreover we will prove that they correspond respectively to the index of some suitable Fredholm operators.
We have the following immediate corollary:
Corollary 7. Let (M, g) be as in the previous definition. If m is odd then
If m is even then
Proof. It follows immediately by the fact that
Now consider the operator
) with domain given by
Furthermore consider the following operator
defined as the maximal extension of
It is immediate to check that, if we consider
then we have
Finally we are ready for the next theorem.
ev ) max are Fredholm operators on their respective domains endowed with the graph norm and we have:
Proof. By Theorem 8 we know that
) is Fredholm operator on its domain endowed with the graph norm. Clearly we have
It follows immediately that ker((d
ev is a Fredholm operator on its domain endowed with the graph norm. Analogously, using again theorem 8 we know that (d + δ) max is Fredholm. By (33) we know that
and therefore it is finite dimensional. Moreover we have a natural and surjective map
and from this it follows that im(((d + δ) ev ) max ) is closed with finite dimensional orthogonal complement. Therefore we can conclude that ((d + δ) ev ) max is a Fredholm operator on its domain endowed with the graph norm. Now using (6) , (8), (9) and the fact that ker(
) we get the first equality of (34). For the second equality by (33) we know that ker(
) and combining this with Prop. 8 we get
and analogously
As we already know (35) In this way also the second equality is established.
In the rest of this subsection we will describe how to define a L 2 −signature for (M, g) using The first step is to show that using the wedge product we can construct a well defined and non degenerate pairing between H because α ∈ im(d min,i−1 ) and * β ∈ im(δ min,i ). Finally
because α ∈ im(d min,i−1 ) and ω ∈ ker(δ max,i−1 ). So we can conclude that (37) Before to conclude the subsection with the next theorems we need to introduce some notations. Let (M, g) be an open oriented and incomplete riemannian manifolds of dimension m = 2l. Consider the complexified cotangent bundle T * C M ∼ = T * M ⊗ C. Then the metric g admits a natural extension as a positive definite hermitian metric on T * M ⊗ C and therefore, in complete analogy to the real case, we can build
. This is the well known endomorphism of the classical signature theorem. In fact we have 2 = Id and therefore we get the well known Z 2 graduation of the signature theorem given by the autospace of : Λ *
Another well known property is that d + δ is odd with respect to . So we can recall the definition of the signature operator as the operator acting in the following way:
We will label it D sign,+ . Clearly
+ is the formal adjoint of D sign,+ . Finally we will label with
In other words D((d + δ) max/min ) is invariant under the action of the Hodge star operator and therefore the same conclusion applies also to . So we have:
Moreover a simple check shows that
and that
Finally we observe that if we consider ∆ N :
), see (31) for the definition, then we have that also D(∆ N ) is invariant under the action of . Therefore, also in this case, we get:
Moreover, if we define ∆
Theorem 10. Let (M, g) be an open, oriented and incomplete riemannian manifold of dimension m = 4l which satisfies the assumptions of theorem 6 and such that (
Proof. The crucial observations for the proof are given by (38)-(45). The rest of the proof follows the classic proof of the signature Theorem, see for example [4] . First of all, for the benefit of the reader, we recall that
and that according to Prop. 8
Clearly we have
The same observations lead to the conclusion that
In this way it follows immediately that
is isomorphic to
) and that (η) = −η that is * η = −η. Therefore we proved that
and this completes the proof.
Remark 1.
In formula (46) the signature σ 2,M (M, g) is expressed as the difference of the dimensions of two nullspaces. What we want to remark here is that it is not an index formula in the sense that
Moreover it would be natural to search for a connection between 
According to (7) define 
Therefore we can conclude that ker(∆
In this way we get that
.
So we got that ind((d + δ) 
Some examples
It is not difficult to show examples of open, oriented and incomplete riemannian manifolds (M, g) such that ran(d min,i ) is closed in L 2 Ω i+1 (M, g) for all i = 0, ..., m. We can we look for example to a compact and orientable manifold with boundary endowed with a smooth metric up to the boundary such as in [5] , admissible riemannian pseudomanifold as in [10] or in [15] , compact stratified pseudomanifold endowed with a quasi edge metric with weights as in [2] or to the Weill-Peterson metric on the regular part of the moduli space of curves as in [16] . Therefore, in all these cases, we can always build the complex (L 2 Ω i (M, g), d M,i ). What is much more complicated is to find examples of open, oriented and incomplete riemannian manifolds (M, g) such that (L 2 Ω i (M, g), d M,i ) is a Fredholm complex. This last section is devoted to this task. First of all we recall that two riemannian metrics g and h are said quasi isometric if there exists a positive real number c such that 1 c h ≤ g ≤ ch. Now we describe the first example; we start with the following definition from [6] . Let M a compact manifold with boundary N := ∂M . Let us label its interior with M . Let U ∼ = [0, 1) × N a collar neighborhood for N . Let g be a riemannian metric over M such that g restricted to U is isometric to h(x)(dx 2 + x 2 g N (x)) where g N (x) is a family of metric on N depending on x which varies smoothly in ( Finally we remark that in this last context, unlike the previous two examples, the GaussBonnet operator is not generally essentially self-adjoint when the dimension of the manifold is even. This means that in general the L 2 −signature σ 2,M (M, g) that we introduced in the previous section is different from that we defined in [3] and that analogously the L 2 −Euler characteristic χ 2,M (M, g) is different from that we introduced in [3] . For what concerns the odd dimensional case we recall that d + δ is not generally essentially self-adjoint in all the examples we recalled. Therefore we can conclude again that, in general, χ 2,M (M, g) is different from the L 2 −Euler characteristic we introduced in [3] .
